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ABSTRACT. This paper extends the asymptotic results of the dynamic ordinary least squares (DOLS) cointe-
gration vector estimator of Mark and Sul (2003) to a three-dimensional panel. We use a balanced panel of N
and M lengths observed over T time periods. The cointegration vector is homogenous across individuals but
we allow for individual heterogeneity using different short-run dynamics, individual-speciﬁc ﬁxed effects and
individual-speciﬁc time trends. Both individual effects are considered for the ﬁrst two dimensions. We also
model some degree of cross-sectional dependence using time-speciﬁc effects.The estimator has a Gaussian se-
quential limit distribution that is obtained ﬁrst letting T → ¥ and then letting N → ¥, M → ¥.
This paper was motivated by the three-dimensional panel cointegration analysis used to estimate the total factor
productivity for Colombian regions and sectors during 1975-2000 by Iregui, Melo and Ram´ ırez (2007). They
used the methodology proposed by Marrocu, Paci and Pala (2000); however, hypothesis testing is not valid un-
der this technique. The methodology we are currently proposing allows us to estimate the long-run relationship
and to construct asymptotically valid test statistics in the 3D-panel context.
Key words and phrases. Cointegration, Dynamic OLS estimation, panel data in three dimensions.
JEL clasiﬁcation. C13, C33.
1. INTRODUCTION
This paper proposes an extension of the dynamic ordinary least squares (DOLS) cointegration panel esti-
mators of Mark and Sul (2003) to a three-dimensional panel. The single equation DOLS for estimating and
testing hypothesis about cointegration was proposed by Phillips and Loretan (1991), Saikkonen (1991) and
generalized by Stock and Watson (1993).
DOLS is a single equation cointegration technique that overcome the common problems of the static and
modiﬁed OLS. The static OLS ﬁnite sample estimates of long-run relationships are potentially biased and
inferences cannot be drawn using t-statistics (Banerjee et al, 1986, Kremers et al, 1992). DOLS methodol-
ogy is based on an equation that includes lags and leads of right-hand side variables which eliminates the
effect of the endogeneity of these variables. Therefore, it is possible to construct asymptotically valid test
statistics and also to estimate the long-run relationships.
Panel DOLS (PDOLS) has been analyzed by Kao and Chiang (2000) and Mark and Sul (2003). Kao and
Chiang (2000) studies the properties of panel DOLS when there are ﬁxed effects in the cointegration re-
gressions. Mark and Sul (2003) allow for individual heterogeneity through different short-run dynamics,
individual-speciﬁc ﬁxed effects and individual-speciﬁc time trends. They also permit a limited degree of
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cross-sectional dependence through the presence of time-speciﬁc effects.
For extending the results of Mark and Sul (2003), we use a balanced panel of three dimensions with lengths
N, M and T. The cointegration vector is homogenous across individuals but we allow for individual het-
erogeneity using different short-run dynamics, individual-speciﬁc ﬁxed effects and individual-speciﬁc time
trends. Both individual effects are considered in the ﬁrst two dimensions. As in Mark and Sul (2003), we
also model some degree of cross-sectional dependence using time-speciﬁc effects. After obtaining the Panel
DOLS estimator in three dimensions, PDOLS-3D, we present the sequential limit distribution of the esti-
mator by ﬁrst letting T → ¥ then letting N → ¥, M → ¥.
The remainder of the paper is organized as follows. Section 2 describes the cointegration representation for
a three-dimensional panel. Section 3 describes the PDOLS-3D estimator. Finally, the asymptotic distribu-
tion of the PDOLS-3D estimator is presented in Section 4.
2. REPRESENTATION OF A COINTEGRATED MODEL IN PANEL DATA IN THREE DIMENSIONS
Consider the following triangular representation of a cointegrated system for a panel with individuals in-









j t +θt +γ0xijt +uijt
xijt = xijt−1+vijt
(1)
where {yijt} is the dependent variable integrated of order one, {xijt} is a k-dimensional vector of integrated
series of order one and {uijt,v0
ijt}0 is a covariance stationary error process independent across i and j but
possibly dependent across t. In this case, the variables are said to be cointegrated for each member of the
panel, with cointegrated vector γ. Individual heterogeneity is considered through different short-run dynam-




j , and individual-speciﬁc time




j . A limited degree of cross-sectional dependence is also permitted
by the presence of time-speciﬁc effects, θt.
3. PANEL DOLS ESTIMATOR IN THREE DIMENSIONS
PDOLS methodology is based on the estimation of the following equation








j t +θt +γ0xijt +δ
0
izijt +uijt
where zijt = (Dx0
ijt−p,...,Dx0
ijt,...,Dx0
ijt+p)0 is a (2p+1)k-dimensional vector of leads and lags of the ﬁrst
differences of the variables xijt. The inclusion of lags and leads eliminates the effect of the endogeneity of























ijt represent the linear projection of the dependent variable and the variables xijt with respect
to the short run components, zijt.COINTEGRATION VECTOR ESTIMATION BY DOLS FOR A THREE-DIMENSIONAL PANEL 3
































































































































































































































































































































































































































NMt, 0,0,...,e t,0,0,...,e t
0
(8)








































4. ASYMPTOTIC DISTRIBUTION OF THE PDOLS-3D ESTIMATOR
Taking into account that elements in ˆ β
NMT have different rates of convergence, we can rewrite (10) as
GNMT( ˆ β




































































































































































































































































































The asymptotic distribution of the PDOLS-3D estimator is presented in the proposition 1 part (b). The
following lemmas are required to prove this proposition. The proofs of the lemmas follow from simple ex-
tensions of the results of Mark and Sul (2002). However, for easiness of the explanation they are presented
in the Appendixes A, B and C.
Following the results of Mark and Sul (2003), the null hypothesis Rγ =r can be tested using a regular Wald
statistics.






















































This lemma demonstrates the equivalence in probability of the projected series in the zijt space and the
series which are not projected. This gives an asymptotic justiﬁcation for ignoring the fact that we are using
projection errors instead of the original observations.
Lemma 2. As T → ¥ and then N → ¥, M → ¥,




























This lemma shows the convergence of each element in MNMT matrix.
Lemma 3.


































c. As T → ¥ and N → ¥, M → ¥, m1,NMT is independent of m2,NMT and m3,NMT
This lemma shows the convergence in distribution of mNM.




























































































and b Wuu,ij is a consistent estimator of Wuu,ij.
This proposition presents the sequential limit distribution of the PDOLS-3D estimator. The proof of part
(a) follows from lemma 2 and lemma 3.c, the proof of part (b) follows from lemma 2 and lemma 3.b. The
proof of part (c) is straightforward.
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APPENDIX A. PROOF OF LEMMA 1
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APPENDIX B. PROOF OF LEMMA 2




































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































b. Analyzing the i−th column of M0































































































































































































































































































































































c. Similar to the proof of lemma 2 part b.COINTEGRATION VECTOR ESTIMATION BY DOLS FOR A THREE-DIMENSIONAL PANEL 13






































































































→ 0 as N → ¥ and M → ¥








APPENDIX C. PROOF OF LEMMA 3



























































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































where e Bvij = Bvij −
R



























i,j=0 and L = NM, we have
















iv. VLij =Var(eLij) = E(eLije0
Lij) = E{E(eLije0
Lij|ULij)} = E{Wuu,LijULij} = 1
6Wuu,LijW W Wvv,Lij


















Wv,LijdWu,Lijk2+δ < D < ¥
















Since W W Wvv,Lij is positive deﬁnite for all i, j, VL is O(1) and uniformly positive deﬁnite. Using theorem



















































































































































































































































































































































Using these results and an extension of proposition 4 part (a) from Mark and Sul (2002), we have that
as T −→ ¥, N → ¥ and M → ¥, m1,NM is independent of m2,NM.
The proof of the asymptotic independence of m1,NM and m3,NM follows in a similar way.
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